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ABSTRACT

Random Boolean networks are among the most popular
model systems used for modelling the gene regulatory net-
works due to their answering of the many biological ques-
tions in a realistic way, insights into the overall behavior of
large genetic networks and suitability for inference. How-
ever, discrete time Boolean networks have serious limita-
tions in simulating non-repeating complex dynamic systems
and incorporating the biochemical information on the re-
action rates. In this work we introduce continuous-time
Boolean network structure to simulate the genomic regu-
lation as a binary complex dynamic system, discuss their
potential of solving the problems of the conventional dis-
crete time Boolean networks and develop a framework for
simulating continuous time Boolean networks.

1 Introduction
Inference of gene regulation mechanisms became an emerg-
ing interest of research due to two important developments
in genomics. One is the introduction of expression microar-
ray technology, which allow following the genome wide
transcriptional activity [1][8][11]. Another is the comple-
tion of many genome sequencing projects concentrating the
interest on capturing the functions of genes in the whole
context of cellular mechanisms [10]. Transcription of genes
regulates the transcription factors and transcription factors
regulate the transcription of the genes. This constitutes a
dynamic regulatory network [2][5][6][12]. There have been
various attempts to model gene regulatory networks. One
of the model systems which received high interest was the
Random Boolean Network model introduced by Kauffman
[7]. Boolean Networks have several advantages with respect
to other models. Many realistic biological questions may be
answered within Boolean formalism rather than quantitative
biochemical details [11]. This is the only model that has
yielded insights into the overall behavior of large genetic
networks [11][13]. The model is to some extent capable
of demonstrating the functional differentiation of different

types of cells with the same genome [13] and it allow in-
ferring the structure of genomic networks from experimen-
tal data [11][1]. However, this model has also important
limitations on describing the genomic regulatory networks
due to its discrete time structure. First of all discrete time
Boolean networks converge to attractors of self repeating
patterns [13]. However, yeast cell cycle studies demonstrate
that the genomic regulation has a complex dynamic charac-
teristic disproving a self repeating activity [8][9]. Second,
the inferred network and underlying Boolean relations be-
tween the genes will depend on the sampling period, which
may result with a different structure for the same network
at different sampling rates. Third, the biochemical informa-
tion on the reaction rates can not be incorporated into the
model. Finally, the Random Boolean Network model pro-
vides a way of relating cell-specific information to patterns
of state variables (gene expression profiles). A very simi-
lar concept was also discussed in neurophysiology, where
short-term dynamic memory has been modeled using pat-
terns of self re-exciting impulse trains [4]. However, fi-
nite state space divided into basins of attraction, converg-
ing to self repeating attractors is neither compatible with
the cell specific dynamic information which a complex dy-
namic (chaotic) system can exhibit nor adequate to exhibit
realistic cell-to-cell and temporal variations in genomic ac-
tivity. Further, a conflict is likely to arise in Boolean net-
works between adaptivity and stability [13], both of which
are required for cell viability.
We introduce Continuous-Time Boolean Networks

(CTBN) to simulate the genomic activity as a binary
complex dynamic system. A CTBN is a network of state
variables whose states are binary and the relations between
the state variables are given by Boolean relations with
delays. This networks are also known as Boolean Delay
Equations (BDE). Dee and Ghil (1984) studied the behav-
ior of the systems formed by BDE[3]. A Binary Complex
Dynamic System is a system of binary variables which is
non-repeating in Phase Space, the space whose dimensions
are lags of the original variables. This behavior is possible
in systems based on binary variables evolving in continuous



time, and this formulation is realistic if we view changes
in gene expression as discrete events that can occur at any
time. Furthermore, it is possible to incorporate some of the
information used in concentration-based models into this
formulation. That is, knowledge of how discrete changes in
gene expression levels influence rates of change in protein
concentrations and how gene expression is influenced by
protein concentrations exceeding critical threshold values
may be used to determine how long it takes a change
in a binary state variable to influence other binary state
variables.

2 Continuous-Time Boolean Net-
works

The discrete time Boolean network consisting of k state
variables can be expressed by the following state transition
equations,

si,n+1 = fi(s1,n, s2,n, ...sk,n)

where, si,nis the binary state of ithstate variable at nthtime
sample and f is a binary function of the previous values of
the state variables.
In this scheme

Sn = [s1,n, s2,n, ..., sk,n]

there existm,m < 2k such that Sn+m = Sn

Sn+m = Sn ⇒ Sn+m+1 = Sn+1

due to the finite number of possible states. Hence a discrete
time Boolean network will run into a self repeating state.
Here Sn denote the state vector.
Now let us consider a continuous time Boolean network

with delays:

si,t = fi((s1,t−τ1,i), (s2,t−τ2,i), ..., (sk,t−τk,i)),

here τj,i is the delay which is the time necessary for a
change in the state of variable j affect the variable i. Now
we can form non-repeating patterns while the system os-
cillates but does not repeat itself exactly. In this case we
need to keep track of the state variable in continuous time.
Note that we can express each state variable by at least two
quantities to trace the continuous time binary system by a
discrete time computation method.

si,n = (si,nts , di,nts),

Where ts is the sampling period, si,nts is the binary value
of the state of the ith variable at the nth sample and di,nts is
the continuous value indicating the time past since the last
change in the state of the ith variable at time nts. Since

the values are binary we can keep the track of the system
in continuous time by keeping and recalculating the state
change times of the variable. If the sampling period ts is
kept sufficiently small with respect to the reaction times the
possibility of multiple state changes within the sampling pe-
riod will be eliminated. If the delays in the system are close
to each other only keeping the time of the last state change
information is sufficient to keep sufficiently long history in-
formation. In case some variables may change very rapidly
with respect to the delays in its output to affect the other
variables more than one last state change time information
should be kept to have sufficiently long memory. In prac-
tice keeping at least last two state change times will prevent
possible errors caused by multiple state changes within the
delay time.
The system may repeat a previous state but it does not

need to cause the repetition of the full trajectory since the
past continuous time after the last state changes do not need
to be same. Complex dynamic systems have the potential of
conveying two properties

1. Each of x different systems with the same structure
may have unique trajectory based on initial states,
without need of continuous external control variables
, which may be associated with different varying ge-
nomic activity of different types of cells with the same
genome.

2. Systems, which will never repeat their trajectories, can
be built and any past effect on such a system may have
a unique trace on the systems trajectory and still the
system may continue oscillating around the same at-
tractor. This property may be associated with func-
tional differentiation in time and an adaptivity prop-
erty.

2.1 Example
We would like to demonstrate the above mentioned two
properties by a very simple example. Let us consider a con-
tinuos time binary network of 5 state variables (s1, s2, ...s5)
and 4 external inputs (e1, e2, e3, e4)

s1(t) = (e1(t) ∧ s2(t− 1.1)) ∨ (e1(t− τ1) ∧ e2(t))
s2(t) = s1(t− π + 2)

s3(t) = (e3(t) ∧ s4(t− 1.1)) ∨ (e3(t− τ1) ∧ e4(t))
s4(t) = s3(t− 1.11)
s5(t) = s2(t− 1.07) ∧ s4(t− 1.07)

in this system external inputs can carry s1 and s3 to any ini-
tial state while s2 and s4 can be controlled by the past values
of s1 and s3 respectively. Let us consider s1, s2, s3, s4 are
switched off at time t = −0.05 and the influence of the ex-
ternal inputs are inactivated for time t > 0 by setting e1(t)



Fig. 1. The binary states of s2(up), s4(middle) and s5 (
down). ts = 0.1.

and e3(t) to 0 for t > 0. When both s1 and s2 switched off
at the same time t0, s1 will be switched on at t = t0 + 1.1
and s1 will be switched on at t = t0 + π − 2. At time
t = t0 + π − 0.9 both variables will be switched off again.
Hence s1 and s2 will converge to an oscillation with a pe-
riod π− 0.9. s3 and s4 will again converge to an oscillating
state with a period 2.21 in the same way. Since π is a non-
rational real quantity the time between the onsets of s2 and
s4 will never repeat. Therefore, the trajectory of s5 will be
non-repeating and still its periodicity would be kept within
the same limits. The states of s2, s4 and s5 are shown in fig-
ure 1 and the last state change times of s5 is shown in figure
2. Again if one of the oscillating pairs is shifted in time the
trajectory of s5 would be shifted but it would still continue
a similar behavior. However, if the initial state of s1 is set
to 1 and s2 is set to 0 and kept the same for a period longer
than π− 2, s1 will remain on and s2 will remain off. Hence
s5 will never be on.
An important issue to consider here is the possible

amount of initial conditions, which the systems can en-
counter. In CTBN not only the states of the variables but
the time between the state changes as well are distinctive in
determination of the future behavior of the system. Since
the time is allowed to be a continuous variable, a CTBN
can handle dynamic information in continuous scale while
the possible number of initial conditions is limited with 2k
in DTBN.

2.2 Algorithm

For preventing multiple state changes within the sampling
period we assume time limits for a gene can its state. Con-
sidering reactions turn the genes on or off (binding of pro-
moters or inhibitors) also need some time this assumption

Fig. 2. The last state change times of s5 in time (up) and its
phase plot (down). ts = 1.

will be realistic depending on the selected sampling period
for simulation.
The basic simulation algorithm consists of the following

steps:

1. For each time sample n and for each gene i, read the
Boolean function to compute the variable si,n.

2. Compare the last state change time information and
corresponding delays of each variable affecting the
state of i.Use the states of variables for the ones no
change has occurred in their state for a period longer
than the corresponding delay. Otherwise, use the in-
verse of the states which has changed sooner than the
delay.

3. Incorporate external effects if any external control in-
put has applied.

4. If no change occurs in the state of the variable s in-
crease the corresponding last state change time infor-
mation by the sampling period, otherwise calculate the
new last state change time information by tracing the
variables affecting its state and finding the time of the
first change switching i on or off.

If more than one last state change time information is
used, the algorithm can be extended by repeating the step 2
for each of the older state change times and finding the older
times at step 4. Since the state change times except the last
are already computed, only shifting the times increased by
the sampling period to an older state is sufficient.



3 Discussions and Conclusions
Here we will discuss two questions: whether we can iden-
tify these models from experimental data, and whether we
can incorporate biochemical information into these models.
One of the important advantages provided by Discrete

Time Boolean Networks (DTBN) is the possibility of iden-
tifying them from experimental data[1][11][13]. When we
introduce continuous time delays continuous time signal is
necessary (but may not be sufficient) for inferring on the
basis of experimental data. However, if the delays can be
found or estimated the inference has the same complexity
with the DTBN. Furthermore, it eliminate the dependency
of the inferred structure to the sampling rate. Considering
DTBN is a special version of CTBN at all delays are equal
to the sampling period, the inaccuracy in the estimated de-
lays has the most risk of providing same results.
Another popular model system is concentrated on sim-

ulating particular regulatory pathways based on incor-
porating the quantitative biochemical details and pro-
viding combined models of gene states and protein
concentrations[2][6][10][12]. Some of those models are
considering the states of the genes determined by the pro-
tein concentrations over or under a threshold[2][12]. Even
considering single reactions within a single cell as a contin-
uous event is discussed[13], we can presume that the delays
within single reactions in a single cell is very highly related
with the continuous variable reaction kinetics observed in a
culture of several cells. Since the available information is
levels of mRNA, the verifiability of this type of information
is also important. Hence, we can determine some of the de-
lays by using the available reaction kinetical information.
Considering the protein concentrations depend on how long
the genes are on [13] we assume that the concentrations may
be computed from the timing of the gene states.
In this work we introduced a novel model structure for

representing the genomic regulation as a Continuous-Time
Boolean Network and proposed a framework for simulating
aCTBNmodel. The system have the potential of simulating
a wide range of the features of genomic regulation including
the complex dynamic characteristics.
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